We study the quench dynamics of a topologically trivial one-dimensional gapless wire following its sudden coupling to topological bound states. We find that as the bound states leak into and propagate through the wire, signatures of their topological nature survive and remain measurable over a long lifetime. Thus, the quench dynamically induces topological properties in the gapless wire. Specifically, we study a gapless wire coupled to fractionally charged solitons or Majorana fermions and characterize the dynamically induced topology in the wire, in the presence of disorder and short-range interactions, by analytical and numerical calculations of the dynamics of fractional charge, fermion parity, entanglement entropy, and fractional exchange statistics. In a dual effective description, this phenomenon is described by correlators of boundary changing operators, which, remarkably, generate topologically non-trivial monodromies in the gapless wire, both for abelian and non-abelian quantum statistics of the bound states.
I. INTRODUCTION
Ordered phases of matter typically exhibit a proximity effect: when interfaced with a normal, gapless system, an exponentially thin layer of the normal system is induced with the proximate order. This phenomenon is well understood for symmetry-broken phases with a local order parameter [1] , in terms of local interactions induced in the normal system by quantum tunneling over a coherence length of the proximate order. When topological phases, which lack a local order parameter, are interfaced with a normal insulator, the interface hosts topological bound states (TBSs) with unconventional assignments of quantum numbers, such as fractional charge or unpaired helicity [2] [3] [4] [5] [6] . If we replace the normal insulator with a normal, gapless conductor, the TBSs lose their integrity in equilibrium and become extended on the normal side. Thus, it would seem that topology cannot be induced by local proximity in space.
This spatial view in equilibrium, however, is blind to the temporal correlations out of equilibrium. We can think of the process of interfacing the topological phase with a gapless system as a rapid quench of the boundary conditions of the system, in time. Once the interface is in place, the TBSs become free to move through the gapless medium [7] [8] [9] . Could there be a temporal topological proximity effect, whereby proximity to the topological phase induces the normal system with some topological features dynamically over some coherence time?
In this work, we answer this question in the affirmative. The scaling laws of the short-time dynamics after a local quench were highlighted in [7] in terms of the conformal dimensions of boundary-changing operators (BCOs) implemented by the quench. Global quenches of topological states were considered in [10] [11] [12] . What we show here is that the long-time dynamics uncovers some of the most interesting features of the correlators of the BCOs, including wavefunction monodromies of both Abelian and non-Abelian nature. These monodromies are encoded in the revivals of the quantum dynamics of the Fermi sea after the quench, with different periods exhibiting unique patterns of charge fluctuations, fermion parity, entanglement, fidelity, and phase discontinuities. We dub this behavior "dynamically induced topology," and characterize it through the evolution of fractional quantum numbers and entanglement entropy in a gapless one-dimensional wire (GW). We demonstrate that, remarkably, the TBSs form mobile anyons within the GW and manifest their quantum statistics even in this one-dimensional geometry. The anyons maintain their localization during a coherence time which extends over many multiples of the return time of the GW. In this way, we formulate the temporal evolution of the induced topology in the topologically trivial, gapless system.
II. SETUP AND MODEL
Our setup consists of a multipart system composed of a wire that is gapless in the thermodynamic limit and one or two topological wires labelled by a ∈ {L, R} that support TBSs, either fractional or Majorana fermions (see Fig. 1 ). The couplings λ a between the topological and gapless wires are time-dependent according to a prescribed quench protocol. We consider a single quench by which all components of the system are suddenly coupled at time t 0 and remain coupled thereafter, as well as arXiv:1908.06111v1 [cond-mat.mes-hall] 16 Aug 2019 a double quench by which a single quench is applied and then all original components are disconnected at a later time t 1 .
We model the GW as a tight-binding chain (with N sites) of spinless fermions created byĉ † r at position r with nearest-neighbor tunneling w and a Hubbard interaction u. The topological wires are modeled as Su-SchriefferHeeger (SSH) chains [13, 14] with nearest-neighbor tunneling w a + (−1)
r m a where m a is the tunneling modulation, supporting fractional-fermion TBSs, or Kitaev (K) chains [15, 16] with nearest-neighbor tunneling w a and pairing ∆ a , supporting Majorana-fermion TBSs.
The models are solved analytically using effective lowenergy and conformal field theory as well as numerically by exact diagonalization for the non-interacting GW, including disorder (see Appendix A for details), and using time-dependent density matrix renormalization group (tDMRG) for the interacting clean GW.
III. EXCHANGE STATISTICS
TBSs can have fractional exchange statistics in two spatial dimensions when adiabatically braided [17] [18] [19] [20] . Remarkably, we discover signatures of the exchange statistics in our one-dimensional, non-equilibrium setup. For the case of two Majorana fermions with no phase difference, the non-Abelian statistics satisfied by the Majorana modes is manifested as a doubling of the expected period for revivals of the fidelity [9] . The case of the fractional solitons of the SSH chain is more subtle, as the information about the exchange statistics is contained only in the accumulated phase.
To reveal this non-adiabatic exchange statistics, we consider two topological wires coupled via a single quench to opposite ends of a GW and examine the resulting fidelity as well as the phase accumulated in consecutive revivals. Denoting the state of the system by |Ω p L p R (t) , where p L , p R ∈ {0, 1} are the initial fermion parities of, respectively, the two fractional solitons and the two superconductors for the SSH and Kitaev chains, we define the overlap of the evolved state with the initial state by [21, 22] and extract the probability |O q L q R ;p L p R (t)| 2 as well as the relative phase between two processes with different initial and final parities [23] 
which encodes various non-Abelian statistical phases by removing the dynamical phase. For example, for the SSH solitons, the relative phase between processes with p L = p R = 1 = q L = q R and p L = 1 = q L , p R = 0 = q R encodes the Abelian statistical phase accumulated by taking a soliton around another (of the same fractional charge),
10,10 . (blue) in a GW (N = 100) after a single quench with two SSH chains (NL,R = 50, mL,R = 0.8w, λL,R = 0.5w). Panels (c) and (d) show the fidelity F00 = |O00,00| 2 (dashed black), the parity switching probability F10 = |O11,00|
2 (red) and the statistical phase θ For the Majorana fermions, starting with p L = p R = p L = p R = 0, one can acquire a superposition of q L = q R = 1 and q L = q R = 0 final parities with the nonAbelian statistical phase
00,00 .
We obtain overlaps and phases numerically, as detailed in Appendix B. For both the Kitaev and the SSH chains we find non-trivial statistical phases, see Fig. 2 . The effect requires no coupling between TBSs and the mechanism is elucidated by the low energy effective theory developed below: following the quench, the two TBSs leak into the GW and propagate through opposite chiral channels, exchanging chiralities from one traversal to the next. Through this process they effectively braid, keeping their chirality intact and hence revealing their exchange statistics. The TBS dissipation occurs mainly through amplitude decay into dispersive modes of the GW, while their phase remains coherent over many revivals.
IV. EFFECTIVE THEORY AND QUANTUM MONODROMIES
We now turn to describe the effective theory and derive the dynamics of the fields and the TBSs. In the following we work with the natural units = e = 1. The noninteracting GW, u = 0, is described by the linearized HamiltonianĤ
written in terms of a chiral fieldν, with {ν(x),ν † (x )} = δ(x − x ) and the boundary conditionν( ) = ζν(− ), ζ = e 2ik F = ±1 at half-filling. When working with fractional solitons (SSH) or Majorana fermions (Kitaev) TBSs, we choose to take the chiral field as fermionicν =ψ (SSH) or Majoranaν = Kitaev) . This field couples to the TBSs viâ
whereα a denotes a fermion annihilation operatorf a (SSH) or a Majorana zero mode iγ a / √ 2 (Kitaev) witĥ γ Before the quench, t < t 0 = 0,α a (t) =α a (0) is constant, andν is the free field ω e i(kx−ωt)ν 0 (ω), wherê ν 0 (ω) are the modes of the unperturbed GW with energy ω, and, in the linearized model, k = ω/v F . The equations of motion for t > 0
Since the GW modes all propagate at v F , we can model the scattering off the TBS as a time-periodic perturbation occurring at regular intervals of order of return time τ r = 2 /v F . Complemented by the boundary condition ν(x + v F τ r , t) = ζν(x, t), we can obtain the full solution.
Before we present the solutions to Eq. (6), we note that in the low energy limit λ a v F / √ we must havê
. That is, the quench introduces a Z 2 branch cut into the field. The non-interacting GW is described by two copies of the chiral part of the Z 2 Ising conformal field theory [24] . Each copy contains three primary fields, the identity I (with conformal dimension h I = 0), a Majorana fermion field η(x, t) (h η = 1/2), and the twist field σ(x, t) (h σ = 1/16), which acts as the BCO generating the quench in this limit. Therefore, starting in |Ω 0 , the state of the GW following the quench with two TBSs is |Ω(t) = σ( , t)σ(0, t)|Ω 0 . Therefore, the overlap (including the phase),
is given by correlators of the twist operator and realizes quantum monodromies. We present explicit expressions for this overlap in Appendix C. The results are plotted in Fig. 2 , showing remarkable agreement with the numerical results.
The exact solutions of Eq. (6) are derived in Ap-
, where X L is some functional ofν 0 only, and
with Γ = 2|λ| 2 /v F and n = t/τ r . We can now identify the total revival time as τ ≡ τ r + βτ l , where τ l = 1/Γ is the leakage time and β ∼ O(1) depends on the number of past reflections. In the low energy limit, Γτ r 1 and at the nth revival cycle, the maximum amplitude scales like |g max L | ∼ n −1/3 for n 1 (see Appendix C for a derivation).
When two TBSs are coupled toν at
, with Y a is another functional ofν 0 only, and
with n = t/τ r + 1/2 . These equations are matched against exact evolution results in Fig. 3 , showing remarkable agreement.
V. DYNAMICALLY INDUCED TOPOLOGY
Following the quench, the GW evolves into an intricate non-equilibrium state, and becomes entangled with the TBSs. So far, we have shown that, even though the GW is itself topologically trivial in equilibrium, its quenched state sustains signatures of coherent quantum statistics of TBSs over long times, a canonical signature of nontrivial topology. In the following we study other properties of the quench dynamics in the GW, which characterize the topological phase of the parent system supporting the TBSs. Specifically, these are: (i) propagation of quantum numbers in the GW; and (ii) patterns in the entanglement entropy. These properties are, in effect, temporal extensions of the topological properties of the systems hosting TBSs into the GW. Our analytical expressions for these calculations are presented in Appendix D.
A. Fermion Charge and Parity
Following the coupling of the SSH model to the GW, a disturbance in the density leaks into the GW. We study the charge carried by this disturbance by defining the smoothed charge operator [25] centered on site r,Q r [h] = r f r−r n r , where f is a smoothing function, which we take to be f r = exp(−r 2 /l 2 ) with l a smoothing length. Its expectation value and fluctuations are given by
Here G rr (t) = ĉ rĉ † r (t) is the equal time correlator between sites r and r , where • (t) = Ω(t)|•|Ω(t) with |Ω(t) the state of the system at time t.
To isolate the effects of the SSH soliton in the GW, we take the soliton charge and charge fluctuations as
2 , where the superscript + (−) indicates that the initial state of the system has (no) solitons. Calculated in this manner, Q (s) and [δQ (s) ] 2 are plotted in Fig. 4 as functions of the position r and time t. For simplicity, we have taken δQ (−) (t) = δQ (+) (t = 0), since without a soliton the time-dependence of the charge fluctuations leaking into the GW is negligible. As depicted in Fig. 4 , as the soliton propagates in the GW, the fractional charge
moves with it. Furthermore, at the center of the moving soliton the charge fluctuations δQ (s) ≈ 0, signifying that the moving fractional charge is, to a good approximation, a good quantum number.
For quenches involving the Kitaev chain, the density contains no signatures of the Majorana mode. Instead, we look at the fermion parity operator. We define the anomalous correlator F rr (t) = ĉ rĉr and combine G and F to form the Nambu correlator
In Appendix D we show that, without interactions, the parity Π s for a subsystem with N s sites is given by a simple and useful formula,
where G s is obtained by a straightforward projection to the sites of s. The results following a single and a double quench, are displayed in the lower panels of Fig. 4 , where s comprises all the sites to the left of a cut. We find that following the quench the Majorana TBS propagates through the GW, rendering the parity of any subsystem of the segment between the TBS and its remote partner zero. The same behavior occurs in a double quench when tunneling is turned off at t 1 , indicative of a Majorana pair creation at the interface: one is trapped by the Kitaev chain while the other starts to propagate through the GW. The subsystem parity through a cut remains zero for any site between these new partners.
Interestingly, the double quench for the SSH solitons shows signatures of local charge fluctuations after t 1 not of charge itself. This can also be understood as a pair creation but now of particle-hole excitations, one trapped to the SSH chain and the other propagating through the GW. We now examine this scenario through the entanglement of subsystems.
B. Entanglement Entropy
Following the quench the state of the TBSs (thus, the system hosting it) and the GW become entangled. Thus, we expect that the propagation of TBSs and the concomitant fluctuations must be accompanied with the propagation of entanglement in the GW.
The von Neumann entanglement entropy of the subsystem s with reduced density matrixρ s is S s = Tr(ρ s logρ s ). In the non-interacting GW, one can use trace formulae [26] to obtain [27] (see Appendix D for details):
It was suggested in [28] that the entanglement entropy can be related to the counting statistics of the number operator through the generating function χ s (φ). For a normal system, i.e. when
are the cumulant moments of the number operator and α m are given by an integral form; the first few terms are
In a paired state, the same relationship holds if one takes χ to generate the counting statistics of Bogoliubov quasiparticles instead of the original paired particles. This can be understood by noting that in the quasiparticles basis, G is diagonal, and thus F = 0 as before. We note, however, that once projected to a subsystem this basis is not the same as the quasiparticle basis of the entire system. In other words, the two operations of diagonalizing G and projecting to the subsystem do not commute. We do not explore the subtleties of this relationship here. Instead, we report our numerical results for the quench dynamics entanglement entropy and particle (as opposed to quasiparticle) fluctuations. We find that
When comparing the results of the SSH and the Kitaev cases, several distinct behaviors of the entanglement entropy occur, see Fig. 5 . It is either finite over a small window around the v F cone (SSH case, following t 0 ) or displays a pattern which extends over the entire spatial path (Kitaev case, following t 0 ). Following t 1 in a double quench, it displays the extended pattern for both cases.
For the SSH solitons, the reason for the change in behavior for t > t 1 can be related to the presence of an unmatched TBS with fractional charge 1/2 within the disconnected GW. To allow for its presence, the number fluctuations on the entire GW must increase. This is consistent with the local charge and its fluctuations, Fig. 4 a and Fig. 4 b following t 1 τ /2, which we explained by a particle-hole pair creation. For the Majorana TBS, following a single quench, the charge fluctuations account for the maximal uncertainty in parity through any cut between the TBS and its remote partner. Following a double quench, the behavior is again consistent with the generation of a pair of two Majorana TBSs near the interface, one trapped and one propagating.
VI. DISCUSSION
Proximity quenches of topological and gapless wires offer a possibility to inject topological bound states into the wire, which behave as mobile anyons augmenting the properties of the wire over a large coherence time. The dissipation in the GW occurs through loss of amplitude of the anyon as it disperses in the gapless medium, while its phase continues to bear the imprint of the parent TBS. The power-law decay of the maximum amplitude ∼ n −1/3 after n 1 revivals may be expected since there are no timescales in the GW left in this limit. The slow decay demonstrates the long-lived coherence time of the dynamically induced topology.
We find further signatures of the dynamically induced topology in the GW in the charge, fermion parity, charge fluctuations, and the entanglement entropy. In the presence of interactions [34] [35] [36] , the GW is effectively described by the Luttinger liquid theory with a renormalized Fermi velocity whereũ ≡ u/v F [37] , see Appendix E for details. The conformal field theory at discrete values of the Luttinger parameter, 1/K = 2 − 2 π arccosũ ∈ N, can be embedded within an orbifold theory [29] , but appropriate BCOs can be found for other values of K [38] . Here, we explore the effect of interactions numerically using tDMRG. For the SSH case, we study the soliton charge within a static window around the center of the lead as function of time, see Fig. [6] . To counteract the effect of renormalized Fermi velocity, we measure the time in units of a renormalized return time τ r v F /v. Remarkably, we find that in addition, interactions can significantly decrease the decay of the soliton charge and lead to sharper peaks. We discuss the GW in the presence of disorder in Appendix E.
Quantities such as the (Rényi) entanglement entropy and, by a straightforward extension, the fidelity, are measurable using techniques developed in Ref. [39] . The extension required here is to quench two copies of the system at different times, and let them interfere. Such an extension could pave the way to measurement of the dynamically induced topology, including measurement of signatures of non-abelian statistics through fidelity revivals and propagation of entanglement with a unique behavior. In addition, if the two systems are not identical but instead admit different initial occupations of the fermion TBSs (or different parities of the superconductors), the interference fringes would be shifted by the relative statistical phase, Eq. 1 , unveiling the fractional statistics. Our work opens the door to study the localization and thermalization properties of anyons, with and without interactions. It is also of interest to consider extensions to "anyon trains" and to interacting TBSs, e.g. parafermions [40, 41] in future. In the main text we considered two canonical lattice models, namely the SSH and the Kitaev models, that support, respectively, regular and Majorana fermion TBSs in their topological phases. As is well known, the SSH TBSs are solitons that carry a fractional charge 1/2, whereas the Majorana TBSs in the Kitaev model are neutral. However, Majorana TBSs implement the nonAbelian fractional statistics of Ising anyons. In this Appendix, we provide the details of our numerical method for the exact diagonalization of these models for the noninteracting GW (with or without disorder).
Our time-dependent model Hamiltonian in the main text isĤ(t) =Ĥ L +Ĥ GW + H R +Ĥ t (t). The topological wire Hamiltonian, for a ∈ {L, R}, iŝ
w a,sd † a,sda,s+1 + ∆d a,sda,s+1 + h.c. , (A1) whered † a,s creates a fermion in the a wire at system site s, w a,s = w a +(−1) s m a is the dimerized hopping amplitude with m a the dimerization strength, and ∆ a is the (pwave) pairing amplitude. For m a = 0, ∆ a = 0 we obtain the SSH model; for m a = 0, ∆ a = 0, we obtain the Kitaev model. The GW Hamiltonian iŝ
where N is the number of sites,ĉ † r creates a fermion at lead site r,n r =ĉ † rĉr is the number operator, w is the hopping amplitude, u is the short-range interaction strength and µ r is the potential disorder with strength W . In our numerics, we draw µ r from a uniform distribution over [−W/2, W/2]. Lastly, the tunneling HamiltonianĤ
where λ r;a,s (t) is the tunneling amplitude between system a site s and GW site r. The initial state of the system is taken to be the ground state |Ω of the uncoupled system and GW at half filling. Working in the Nambu basis, letĈ T = (ĉ T ,ĉ † ) wherê c T = (ĉ 1 , . . .ĉ N ) in some (say, the position) basis, and Γ T = (γ T , γ † ) withγ T = (γ 1 , . . . ,γ N ) the quasi-particle operators related to the original basis by the unitary Bogoliubov transformation,
The matrix W diagonalizes the BdG Hamiltonian
. . , N , − 1 , . . . , − N ) at t = 0, with the positive eigenvalues α > 0 associated with the first N columns of W.
The ground state of the entire system |Ω is defined as the unique state annihilated by all quasiparticle operators,
One can construct this state explicitly as α >0 γ α |0 . When 0|Ω = 0, where |0 is the vacuum state annihilated byĉ, the ground state has the Thouless representation,
where A is a normalization factor and Z = −(V U −1 ) † . The Nambu Green's function is defined as G = Ω|ĈĈ † |Ω . Using the above relations and rotating to the quasiparticle basis, where Ω|ΓΓ
Note that the kernel of the exponent in the Thouless representation of the ground state can be written as Z = −G −1 F . The unitarity of W yield the following relations: G(1−G) = F F † and GF = F G T . We note that these are true for the entire system and do not apply to projected forms of G and F . We can also see easily that the matrix 2G − 1 (and its projections to a subsystem) are particlehole symmetric:
Equivalently, the matrix Σ x (2G − 1) and its subsystem projections are anti-symmetric. The evolution for times t > 0 is performed using the unitary evolution operator U(t) = Texp −i t 0 H(s)ds ,
We may also find |Ω(t) in the Thouless form with Z(t) = U(t)Z(0)U † (t) with the equal time Green's function G(t) = U(t)G(0)U † (t).
Appendix B: Overlaps, Fidelity and Phase
The overlap between two states in the Thouless representation,
is
where
To prove this we will apply the formalism of fermion coherent states, defined as |ξ = e
, where ξ = (ξ 1 , . . . , ξ N ) T and its conjugate ξ * are 2N anti-commuting independent Grassmann numbers. In this language, we write the resolution of identity 1 = dµ(ξ)|ξ ξ|, the measure dµ(ξ) = i (dξ * i dξ i ) e − i ξ * i ξi , and the trace of an operator, TrÂ = dµ(ξ) −ξ|Â|ξ . We also note that when we consider a fermion coherent state |ξ and apply an operator of the formÔ M = e −ĉ † Mĉ , thenÔ M |ξ = |e −M ξ is satisfied. Using the above, we can calculate the overlap
which can be rewritten in matrix form as
where Q is as defined above and the Grassmann spinor Ξ T = (ξ * T , ξ T ). The anti-symmetric matrix Q can always be transformed into canonical form by means of an orthogonal transformation Q = M Q c M T ,
where Λ = diag(λ 1 , . . . , λ N ) with λ 1 , . . . , λ N nonnegative real numbers. In terms of the spinor Ψ = M Ξ
Using the relation det(Λ) = (−1)
we can write, using Pf(MAM T ) = det(M)Pf(A),
which coincides with Eq. (B2). The Onishi formula states that the fidelity F is given by
To prove it, we use Eq. (B2) and the relation Pf 2 A = det A, so up to a sign s,
Using the relation det A B C D = det(AD − BC) when C and D commute and noting the Sylvester's determinant theorem det(1 + AD) = det(1 + DA)
By substituting our relations for Z (α) and using their anti-symmetric property, we can rewrite this expression
Taking |Ω 1 = |Ω 2 , we express the normalization for α = 1, 2 as 1 = Ω α |Ω α = sA 2 α /| det U α |, so we choose s = 1 and get A α = | det U α |. The overlap is therefore
which coincides with Eq. (B10) after multiplying each side by its complex conjugate.
Appendix C: Low energy effective field theory
In this Appendix, we derive the low energy effective theory and the dynamics of topological bound states. We them present expressions for the correlators of BCOs.
In the low-energy theory the GW is described by an effective theory obtained by linearizing the lattice model H f in Eq. (A2) near the Fermi wave-vector k F and taking the continuum limit where the lattice constant a = (N + 1)a. In the following we set a = 1. We start from momentum space representation H f = −2w k cos(k)nk, and linearize near the Fermi points: for right (+) moversk = k F + k = 
where Λ ∼ 1/a is a high momentum cutoff, andn ±,k = c † ±,kĉ ±,k are the momentum mode occupations near ±k F .
In the same limit we define the real space fieldŝ
where the Fermi velocity is v F = 2w sin(k F ) = 2w and the Hamiltonian describing the fields iŝ
The continuum fermion field isΨ(x) ≡ e ik F xψ
, where x ∈ [0, ] is the position along the GW. Defining an unfolded fermion fieldψ(x) ≡ψ + (x) andψ(−x) ≡ψ − (x) over x ∈ [− , ], we write the effective GW Hamiltonian (without disorder and interactions)
For the Kitaev case we switch to a Majorana basis by writing the fermion field in the GW asψ(x, t) =
The boundary condition on this fermion field isψ( ) = ζψ(− ), where the sign ζ = e 2ik F = +1 (−1) corresponds to a GW with (without) an extended resonant state at the center of the band.
In its topological phase, the gapped systems admit midgap TBSs that prior to the quench are localized at the ends of the system. For the SSH model, these are fermion bound states, whose annihilation and creation operators we shall denote byf a andf † a . For the Kitaev model, these are Majorana bound states which we shall denote byγ a . Here a = L (R) denotes the TBS interfaced with the GW to the left (right) at position x L = 0 (x R = ). In the low-energy theory, it is sufficient to consider only the coupling of the TBSs to the GW,
whereα a =f a (α a = iγ a / √ 2) for SSH (Kitaev) models, respectively, and x L = 0, x R = . The factor of 2 accounts for the fact that the full fermion field Ψ(x a ) = 2ψ(x a ), up to a phase e ik F xa that is absorbed into λ a . Note that λ a in the continuum Hamiltonian has dimensions of √ velocity × energy (in natural units). The coupling to the end Majorana fermions is 2i a,j
Here φ a is the phase of the a superconductor and Λ L = 0 (Λ R = π) is associated with real (imaginary) Majorana modes.
Derivation of the TBS dynamics
In the following we assume λ a ∈ R and start with the case that λ L = 0, λ R = 0. For a single Majorana TBS coupled to the GW onlyη 2 remains coupled, thus we obtain similar equations of motion for the Kitaev and SSH case. We unify the notation by settingν =ψ (ν =η/ √ 2, η ≡η 2 ) for SSH (Kitaev) . Thus we obtain the equations of motion Eq. (6) . Integrating the first equation around x = 0, we obtain v Fν (0 + , t) = v Fν (0 − , t) + i2λ LαL (t). Resolving the discontinuity of the lead mode at x = 0 by writingν(0, t) = [ν(0 + , t) +ν(0 − , t)]/2, the second equation yields, (
as long as the tunneling site at x = 0 is not crossed. Thus, at x = 0 − and for 0 < t < τ r , we have a free field ω e −iωtν 0 (ω) ≡ν 0 (t). Complemented by the boundary conditionν(x + v F τ r , t) = ζν(x, t), we havê
where n is an integer. Choosing n = t/τ r we find a recursive relation that we can iterate to find Eq. (8) of the main text. This can also be written as
is a generalized Laguerre polynomial. For Γτ r 1, the terms with j < n contribute negligibly and
To find the asymptotic expression for large n when Γτ r 1, we note that ϕ n satisfies a one-dimensional Schrödinger equation with potential −2n/x, mass 1/2 and energy −1:
We employ a semi-classical approach to analyze the behavior of the largest (last) peak, obtained near the turning point, x 0 = 2n. In this region we linearize the potential x = x 0 +x to get the Airy equation whose solution gives the following approximate behavior near x 0
where Ai is the Airy function and Υ(n) is a normalization constant. The global extrema of Ai is the last oscillating peak value before the decay near x 0 and hence occurs close to the origin. We evaluate it to the third order aroundx = 0 and obtain Ai max ≈ 0.5634. The normalization constant can be evaluated exactly and has the asymptotic behavior Υ(n 1) = √ π (2n) 1/3 . Altogether we find the asymptotic approximation
quoted in the main text. When two TBSs are coupled toη at x L = 0 and x R = , repeating the iterative procedure outlined in the previous section we obtain the following integral equationŝ
which we can solve by iterations to obtain Eqs. (9), (10) of the main text.
Effective theory of fractional charge propagation
The occupation of the bound state N (t) ≡ f † (t)f (t) = e −2Γt N (0) decays for 0 < t < τ r , and is revived for τ r < t < 2τ r as N (t) ≈ 4Γ
with a maximum value N (τ r + 1/Γ)/N (0) = 4/e 2 ≈ 0.54, irrespective of ζ.
For the lead, we havê ψ(x, t) =ψ(0
We can calculate the density in terms of the unfolded fermion field,
For example, in a a semi-infinite chain x > 0, we find
where ξ = v F /Γ is the leakage length, and E 1 (x) =
t dt is the exponential integral. At half-filling, the Friedel oscillations from the second term vanish and the only contribution comes from the exponentially localized charge from the first term contributed by the propagating soliton. In a finite geometry, this propagating charge is reflected and returns to the original site of the soliton. The magnitude of the charge on the original site is given by the square of the envelop function |g L (t)| 2 .
Boundary changing operators and monodromies
The non-interacting, clean limit of the gapless wire is described by two copies of the chiral part of the Z 2 Ising conformal field theory. Each copy contains three primary fields, the identity I (with conformal dimension h I = 0), a real fermion field η(x, t) (h η = 1/2) and the twist field σ(x, t) (h σ = 1/16). Here σ acts as the BCO generating the quench in the limit λ v F / √ . Therefore, the state following the quench with a single topological wire is |Ω
(1) (t) = σ(0, t)|Ω 0 (where |Ω 0 is the state of the wire prior to the time of the quench at t 0 = 0), and |Ω (2) (t) = σ( , t)σ(0, t)|Ω 0 for a quench with two topological wires. We consider the overlap between the state at time t and the state at time 0, Ω (j) (t)|Ω (j) (0) , for j topological wires (j = 1, 2). The fidelity for one and two wires is given by
and
In the following we will therefore focus on calculating the correlators for the BCOs. In terms of coordinates z i spanning the complex plane, the correlator of two BCOs is
where z ij ≡ z i − z j . For four BCOs, the correlation function is
(C21) where y = z12z34 z13z24 and R(y) is given by
where α ± will be decided by the initial conditions and R ± = 1 ± √ 1 − y. Our theory is defined on a strip 0 < x < 2 , therefore we use the conformal transformation z = exp (πw/ ) (and its inverse w = π ln z) and the transformation rule for correlators
to get for the correlator of two BCOs
where s(w) = sinh
and a is a short distance cutoff. For four BCOs we obtain In this Appendix, we derive the formulea for the entanglement entropy, the full counting statistics and the fermion parity. We also give expressions for the exact overlap of two superconducting states and obtain the Onishi formula which is used to calculate the overlap of states and extract the fidelity and phase.
For two bilinear formsÂ = 1 2Ψ † AΨ andB = 1 2Ψ † BΨ, the following trace formulae are useful for calculating expectation values:
Tr eÂeB = det (1 + e A e B ).
Here, matrices A and B, are taken, without loss of generality, to be particle-hole symmetric: A = −Σ x A T Σ x and similarly for B, where Σ x is the Pauli matrix acting on the particle-hole basis in the Nambu space. Consequently, TrA = 0, and det(1 + e A ) = det(2 cosh
. The sign of the square roots need to be determined by analytical continuity in the matrix elements.
Entanglement Entropy
We use the first trace formula to calculate the entanglement entropy of a subsystem s with reduced matrix ρ s using the replica trick,
Starting with the ground state |Ω of the system, we write the reduced density matrix
wheres is the complementary subsystem to s,Â s is an operator involving only the degrees of freedom in S and κ s is a normalization constant such that Tr sρs = 1. For the ground state of a quadratic Hamiltonian one can show, using Wick's theorem, thatÂ s is also quadratic and given by a Hermitian matrix A s . Then,
The constant is found by setting n = 1 to be
Replacing this in the previous equation and taking the derivative, using
and log det M = Tr log M for a general matrix M, and finally taking the limit n → 1, we arrive at
The above expression can be further simplified by the relation
where G is the Nambu Green's function (projected to s) with the normal and anomalous correlators, respectively, We now employ the second trace formula to calculate the full counting statistics, generating the moments of the charge operator in subsystem s. This generating function can be found from the expectation value of the operator χ s (φ) = e iφQs = exp iφ 2
where N s is the number of sites in subsystem s, and Σ z is the Pauli matrix in the Nambu space projected to s.
Using the trace formula, we obtain det (1 + e −As e iφΣz ) det (1 + e As ) .
The sign of the square root must be determined by analytic continuation. We note that by definition, the generating function is periodic, χ s (φ + 2π) = χ s (φ). Since the prefactor exp(iφN s /2) is (anti-)periodic in φ for even (odd) N s , while the determinant under the square root is always periodic, we take the square root to have a ( We define z = (1 − e iφ ) −1 and, noting det Σ x = (−1) N , we find up to a sign, 
where the sign s Ns is determined below. The fermion parity Π s is found by setting φ = π, i.e. z = 1 2 ; thus,
The prefactor sign here is determined by analytic continuation in elements of G s , since these depend analytically on the ground state of the system. Specifically, we may take the limit where the state |Ω approaches the ground state of a normal system, whence F → 0, with the fermion parity becoming Π 
As an example for the applicability of this formula, the parity for a quench coupling two Kitaev chains to a GW [9] is plotted in Fig. 7 .
Here we defined the Luttinger parameter
and the Luttinger velocity,
These approximations are valid for |u/2w| 1. In the full range −|2w| < u ≤ |2w|, v and K are obtained by the Bethe ansatz solutions quoted in the main text.
Effects of disorder
We study the effects of disorder on the quench by taking a finite width W for the disorder potential, see Eq. (A2). Technically, we take a large number of realizations and average the different observables at each time, while keeping track of the standard deviation. We take the disorder strength to be of the order of the level spacing (both below and above). The average values for the soliton charge (for a lead connected to SSH) and parity (for a lead connected with a Kitaev wire on one or two sides) are displayed in Fig. 8 , as well as the fidelity (right panels). The standard deviation is displayed as shaded areas.
As evident from the graphs, for the Kitaev case the first few peaks remain remarkably sharp for disorder strengths that are as high as 30% of the tunneling strengths. The SSH case is more sensitive to disorder, but the first peak remains quite sharp for comparable disorder strengths.
